SCALING GROUP FLOW AND LEFSCHETZ TRACE FORMULA FOR 
LAMINATED SPACES WITH p-ADIC TRANSVERSAL 

ERIC LEICHTNAM 

Abstract. In his approach to analytic number theory C. Deninger has suggested that 
to the Riemann zeta function £(s) (resp. the zeta function Cy(s) of a smooth projective 
curve Y over a finite field ¥ q , q = p f )) one could possibly associate a foliated Riemannian 
laminated space (<Sq, T, g, <jr) (resp. (Sy, J 7 , g, <j> )) endowed with an action of a flow </>' 
whose primitive compact orbits should correspond to the primes of Q (resp. Y). Precise 
conjectures were stated in our report |Lei03j on Deninger's work. The existence of such a 
foliated space and flow 0* is still unknown except when Y is an elliptic curve (see Deninger 
De02 ). Being motivated by this latter case, we introduce a class of foliated laminated 
spaces (S = £*2£L,F, g rf) where C is locally D x Z™, D being an open disk of C. 
Assuming that the leafwise harmonic forms on C are locally constant transversally, we 
prove a Lefschetz trace formula for the flow 0* acting on the leafwise Hodge cohomology 
Hi (0 < j < 2) of (S, T) that is very similar to the explicit formula for the zeta function of 
a (general) smooth curve over ¥ q . We also prove that the eigenvalues of the infinitesimal 
generator of the action of 0* on H\ have real part equal to \ . 

Moreover, we suggest in a precise way that the flow 0* should be induced by a renormal- 
ization group flow "a la K. Wilson" . We show that when Y is an elliptic curve over ¥ q this 
is indeed the case. It would be very interesting to establish a precise connection between 
our results and those of Connes (page 553 |Co00j . page 90 |Co02| l and Connes-Marcolli 
|Co-Ma04a] . |Up-Ma04b on the Galois interpretation of the renormalization group. 
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1. Introduction 



Several papers (see |De98j . |De99j . |De02j . |De01bj . jDeOlj ) of Deninger lead to suggest 



that to the Riemann zeta function £(s) one could possibly associate the following two data: 

1) A Riemannian foliated space of the form 

- £xR+' /I. . 

where £ is a cr— compact complex 1— dimensional laminated space on which Q + * acts. The 
path connected components of £ induce a foliation of by Riemann surfaces and g is 

a leafwise kaehler metric. 

2) A flow 0* acting on (Sq = U whose primitive closed orbits correspond 

to the primes of Q and admitting a fixed point in The action of 0* on the C— leaf 

space H^jr U {pt} should be given by 0*([a?]) = [e~'x] and 0*(pt) = pt. Moreover (</>*)* [A s ] = 
e* [Xg] where [X g ] denotes the reduced leafwise cohomology class of the leafwise kaehler form 
associated to g. 

The quotient all ows to compactify the space ■ For more precise informations 

and axioms see |Lei03| or even Section |3J Notice that the existence of such a quadruple 
(Sq, J 7 , g, 0*) is still unknown. Recall that Alain Connes |Co99j has reduced the validity of 
the Riemann hypothesis to a trace formula (of Lefschetz type) on the quotient space A ^ R . 

Notice nevertheless that A ^ R does not satisfy the properties required for (Sq, J 7 , g, 0'). 

It is natural to guess that the action of 0* on Sq should be induced by the action on 
C x M + * of a flow still denoted 0*. Given the previous property 2) above, one is lead to 
search a flow of the form 

(j>%x) = (V>*(0,a*r*)> V(l,x) eCx R + *. 

But if we write ipl = R xxe -t then we recognize the general scheme of the method of renor- 
malization group " a la K. Wilson" ([page 554] QFT|), where R x , xe -t should act on a space 
C of lagrangians. We noticed this point in 2002 when we were preparing our lectures (on 
which |Lei03j is based) on Deninger's work for Bar Ilan University. 

Then we are lead to guess that a similar picture should exist for the zeta function of 
a smooth projective curve Y over ¥ q . Namely that there should exists a Riemannian foli- 
ated laminated space (Sy , T ', g , <p f ) where 0* should be a renormalization group flow whose 
primitive closed orbits should correspond to the closed points of Y. 

In Section 2 we consider the case of an elliptic curve E and the Riemannian foliated lam- 
inated space (S^Eq),^, g, 0') constructed by Deninger. Then we show that (S(E ),J 7 , g, 0*) 
can be interpreted as a renormalization group flow. Now we motivate our main result and 
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explain its main context. Recall that the following explicit formula is satisfied for the zeta 
function ( Y (s) of Y. Let a G C C °°(M,M). Then: 

is&J R j=iuez^ R v&^ R 

(2 - 2<?)a(0) hgq + J^Y, Z( 7 ) ( e~ kl ^ a^-kl^)) + «(W( 7 )) ) 

7 fc>l 

where the (pj + yj^) run over the zeroes of and the 7 (with norm e^ 7 -*) run over the closed 
points of Y. As pointed out by Deninger, the dissymmetry of the coefficients of a(— kl{^f)) 
and a(kl( r y)) in the right handside is of arithmetic narure. It arises when one tries to 
intertwine the functional equation (addition) and the Eulerian product (multiplication) in 
the proof of the explicit formula (JTJ). 

Deninger has suggested that it might be possible to interpret the above formula as a 
Lefschetz trace formula. Having in mind in fact the case of number fields, he made in- 
teresting remarks on dynamical Lefschetz trace formulas on laminated foliated spaces see 
[Sections] jDeOT] . 

Consider briefly the case of a compact connected three dimensional manifold X endowed 
with a codimension one foliation (X, J 7 ). Assume that (X,T) is endowed with a flow 0* 
which acts transversally and whose closed orbits of 0* are simple, thus (X, J 7 ) is Riemannian. 
Let iii denote the projection onto the leafwise Hodge cohomology H 3 T (0 < j < 2). Then 
Alvarez-Lopez and Kordyukov |A-K00j have proved the following Lefschetz trace formula: 



E 



(-l) j TR / a(s) ni o (<p s )* o ni ds 
Jr 



X A a(0) + Z W ( e -fc«(-^(7)) + e fc tt(fcZ( 7 )) ) 

7 k>l 

where 7 runs over the primitive closed orbits of 0*, e±j. = signdet(id — Dcf)^ 1 ^), y 6 7 
and TR denotes the (usual) trace of trace class operators. Notice that here there is no 
dissymmetry for the coefficients of oc(— A^( 7 )) and a(kl(j)). The reason for this absence 
of dissymmetry is due to the Guillemin- Sternberg formula |G-S77j which states that the 
geometric contribution of a closed orbit ±&7 should be: 

I(7)a(±*i(7)) ^ , . m W), - j 

where y is any point on 7. In Lemma El of Section 2.4 we shall provide in the case of an 
elliptic curve E over ¥ q a dynamical explanation of this dissymmetry pointing out the role 
of the p— adic transversal in S(E ). This will lead us to propose a list of four Assumptions 
in Section El for a Riemannian foliated laminated space 

where C is locally of the form D x Z™, D is a disk of C. The leaves of S are induced by 
C x {x} where C is a path connected component of C Assumption (iv) states that the 
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elements of the vector space Ti.£ of continuous and leafwise harmonic forms on C are locally 
constant along the p— adic transversal Z™. It implies that the vector space H} c is of finite 
even dimension 2g. This Assumption is of course satisfied by the foliated space (S^Eq),^) 
of Section 2 but we do not know if there are any example which satisfies this Assumption 
with g > 2, see the remark before Lemma |3 Anyway, we are forced to use this Assumption 
for the following two reasons. First if we want for (S = Cx z + * , J 7 , g, (j) 1 ) a Lefschetz trace 
formula of the type (JTJ) then it seems that we need H} c to be of finite dimension 2g. Second, 
we shall need the following operator 

a(s) (</>*) *ds o n{ 

to be trace class. Morally to n J T (resp. J R a(s)((f) t )*ds) corresponds a regularizing process 
along the leaves [C x {x}] of S (resp. the integral curves of 0*). But J R a(s)((j) t )*dso7ri does 
not involve any regularizing process along the p— adic transversal Z™. Therefore, unless 
Assumption (iv) is satisfied we see no reason why f R a(s)(4> t )*ds o ti j t should be trace class. 

Then, our main result is Theorem 121 It proves a Lefschetz trace formula similar to ([TJ and 
shows that the eigenvalues of the infinitesimal generator of ?r* o (0*)* acting on the leafwise 
Hodge cohomology FL\ have real part equal to |. Our main new ingredient is the transversal 
p— adic Laplacian A Pi t on £ (see Definition^. The intrinsic meaning of Assumption (iv) 
is the inclusion 7i l c C ker A P) y. Moreover, Assumption (iv) allows to use a "contraction 
process" along the p— adic transversal of S (See Definition |7j). Then we use in essential way 
results of Alvarez-Lopez and Kordyukov since in some sense our foliated laminated spaces 
are closed to Riemannian foliations. Even in the case of an elliptic curve Eq, it seems of 
some interest to provide a proof of (0) a la Atiyah-Bott-Lefschetz and the new ingredients 
introduced here should be useful in other contexts. 

We also show (Proposition^ that the von Neumann algebra W{S,T) x^t R, which 
describes the non commutative space of closed points, is of type III i . This matches with 

i i q 

Connes's approach (see |Co99j . |Lei03j ). 

In a future paper |Lei 06j we shall try to propose a list of axioms that a Riemannian foliated 
laminated space (Sq, J 7 , g, (j) 1 ) should satisfy in order to get a Lefschetz trace formula that 
should be analogous to the explicit formula for the Riemann Zeta function. 

Now we try to explain why there should exist a connection with the work of Connes- 
Marcolli. Let K be a local field with residue class field the finite field F q , let / : z — > z q be 
the canonical generator of the Galois group of W q over ¥ q . Then local class field theory shows 
that the Galois group of the maximal unramified extension of K admits a dense subgroup 
which is naturally isomorphic to {f k , k G Z}. Now let Y be a smooth projective variety 
over F q , then (see [page 292][Mil80j) the automorphism Id <g> / of Y = Y x ¥q ¥ q is called 
the arithmetic Frobenius. On the other hand, the geometric Frobenius F : Y — > Y is the 
F q — morphism sending the point P with coordinates (a*), Oj G F q , to the point F(P) with 
coordinates (af). The action of (Id ® f )^ 1 on /—adic cohomology coincides with the action 
of the geometric Frobenius F (see [page 292] |Mil80j ). 

On the other hand, A. Connes (page 553 |Oo00| . page 90 |Oo02j ) has suggested that 
M + *, as part of the renormalization group, should play the role of the missing (unramified) 
Galois group at the archimedean place of Q. A. Connes is motivated by an unramified local 



LEFSCHETZ AND LAMINATIONS 



5 



class field analogy and his classification of type III— factors. Moreover, Connes-Marcolli 
Co-Ma04p] have shown that the renormalization group flow is an ambiguity Galois group 
acting on Quantum Field Theories (QFT's). This seems reminiscent of a continuous version 
of Id <g> /. 

We suggest that the scaling group flow 0*, in (S, JF, g, 0') as above, corresponds to a 
continuous version of F and that Connes's suggestion corresponds to a continuous version of 
Id®/. It would be interesting to establish a precise connection between these two continuous 
notions of Frobenius by providing an ambiguity galois group interpretation of 0*. The results 
of |Co-Ma04a] . |Co-Ma 04bj should be very helpful with this respect. Moreover, this should 
allow to decide if to a smooth curve Y over ¥ q one can (or cannot) associate a foliated 
space (Sy, J 7 , g, 0*) satisfying the four Assumptions of Section|3]and such that the primitive 
closed orbits of 0* should correspond to the closed points of Y . It is also tempting to try to 
establish a connection with Haran's recent approach |Har05j . 

2. The case of an elliptic curve E over ¥ g 



2.1. The zeta function (e ( s ) an d the explicit formula. 

Let E be an elliptic curve over a finite field W q . Recall that the zeta function Ce ( s ) of 
E is given by: 

^ j /-^ £<Z~ s )(l £<? s ) 

u(s) = Ji, 1 - ("«->- = (1-4-xw-) (2) 

where \Eq \ denotes the set of closed points of Eq and £ is a complex number which by Hasse's 
theorem satisfies |£| = «/g. The explicit formula for (e {s) takes the following form. Let 
a G C^°(IR, 1R) and set for any real s, $(s) = J R e st a(t) dt. Then, one has: 



E*0- E *(^E*( 1 + ^) 

^2 log Nw I ^2a(k\ogNw) + ^ (N w) k a (k log Nw) 

>e\Ea\ \k>l k<-l 



(3) 



w£\E \ 

The idea of the proof is to apply the residue theorem to 



s 



and to use the functional equation (e (s) = C-B (l ~ s )- At the end of this Section we shall 
explain briefly how Deninger managed (see |De02j for the details) to interpret this explicit 
formula Q as a Lefschetz trace formula. 

2.2. The Riemannian laminated foliated space (S(E ), JF, g, 0*). 

Let 0o : E — > E be the q— th power Frobenius endomorphism of E over W q . Deninger 
has used (see |De02p the following result due to Oort |Uor73j : 
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Lemma 1. There exists: 

1] a complete local integral domain R with field of fractions L a finite extension of Q p 

(q = p r ) such that R/Ai = ¥ q where A4 is the maximal ideal of R. 

2] an elliptic curve £ over spec R together with an endomorphism <p : £ — > £ such that: 

(£,0)®F 9 = (EoAo). 

So (£, (p) is a lift of (Eq, 0o) in characteristic zero. 

Remark 1. 

1) If the elliptic curve E is ordinary, then one may take for R the ring of Witt vectors of 
W g , W(¥ q ), and then there is a canonical choice of the lifting (£, 0). On the contrary, if E 
is supersingular ([page 137][Si92j), then there is no canonical choice of (£,0). 

2) It is possible to lift a curve of genus > 2 (over ¥ q ) in characteristic zero, but Hurwitz's 
formula ([page 41] [Si92 ) shows that one cannot lift its Frobenius morphism. 

Now (still following |De02j ). we denote by E = £®rL the generic fibre. Then End^E") ® 
Q = K is a field K which is either Q or an imaginary quadratic extension of Q. We fix an 
embedding LcC and consider the complex analytic elliptic curve E(C). Let w be a non 
zero holomorphic one form on E(C) and let V be its period lattice. Then the Abel-Jacobi 
map: 

E(C) ->C/I\ p^ [ cumodT 
Jo 

induces an isomorphism. Next we choose the embedding K C C such that for any a G K, 
0(a) induces the multiplication by a on the Lie algebra C of C/T where © is the natural 
homomorphism: 

6 : K = End L (£) ® Q -> End(C/r) ® Q. 

Next we consider the unique element £ G _1 (End^(i?)) C K such that 0(0 = <t> ® L. 
By construction one has £T C V and the complex elliptic curve C/T endowed with the 
multiplication by £ represents a lift of (E ,(p ). Now, we set 

V = U„ eN r n r, Tr = lim and V^T = TV ® % Q. 

The set Tr is a Tate module defined by a projective limit and V^r is a Q p — vector space of 
dimension 1 (resp. 2) if £ ^ Z (resp £ G Z). 

Any element u of V acts on C x V^r by v.(z, v) = (z + v,v — v), we denote by v $ the 
quotient space. 

Lemma 2. 

1) Let F be a finite set of representatives in V of the quotient group Then any element 

of V^T is of the form Y2i>-k a £ l w here k G N and the ai G F. Moreover the multiplication 
by £ defines an automorphism of V^T. 

2) The natural homomorphism: 

C x Tr C x V ( T 
f y V 

defines a I G Z} — equivariant isomorphism where the action of £ is induced by the 
diagonal action on C x Tr and C x V^r respectively. 
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S{E ) = — XgZ 



Proof. 1) Observe that any element of IT is of the form ^ gA r a z£' where the ai G F. Using 
Bezout's theorem one checks that a prime number p not dividing q (ie 7^ p) induces by 
multiplication an automorphism of TT. If £ ^ Z then the elliptic curve C/T has complex 
multiplication and its endomorphism ring is invariant under complex multiplication. So, in 
all cases, we have £r C V. Then using the equality = q one gets the results of 1). Part 
2) is now easy and left to the reader. □ 

Now, any element q v G g z acts on X R + * by 

^.([^,{)],x) = ([r^r^,^)- 

In |De02j . Deninger has introduced the (compact) laminated Riemannian foliated space 
{S{E ),F) where 

xVT 

and the leaves of T are the images of the sets C x {-0} x {x} by the natural map 71 : 
C x VT x R + * — > S(Eq). Observe that the domain of a typical foliation chart is locally 
isomorphic to D x f2x]l, 2[ where D is an open disk of C, Q is an open subset of IT so that 
the leaves are given by D x {u} x {x} for (00, x) G flx]l, 2[; the term "laminated" refers to 
the fact that the local transversal to the foliation T is the disconnected space fix]l, 2[. 

Remark 2. Using the fact that V (resp. q z ) acts freely on V^T (resp. the reader will 

check that (S(Eq),J-') has trivial holonomy. 

One defines a flow 0* acting on (S(E ), T) and sending each leaf into another leaf by: 
(^(zjVjx) = (zjVjXe'*). Let /ig denote a Haar measure on the group VT then, one has the 
following 

Lemma 3. / |De02j ) 

1 ) The measure 

dx 

dxidx 2 ® fit <E> — 

x 

on C x VT x M + * induces a measure fi on S(E ). 

2) The measure fi is invariant under the action of (j> f . 

Proof. 

1) We just have to check that for any v G N* and any borel subset A of VT , one has 

H {?A) = \t\-^ H {A)=q- v H {A). 

Since (£ y )*^ is also a Haar measure on VT it suffices to check this equality for A = TV. 
But this is an immediate consequence of the fact that 

Try(fTr) ~ r/(£T) 

has \(,\ 2u = q v elements. 

2) This is obvious. □ 

Using the fact that |£| = y/q, one checks that the Riemannian metric on the bundle 
TC x UT x R+* given by: 

9z,v,x(Vi, V2) = x^Re {rfxTft) 
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induces a Riemannian metric g along the leaves of (S(E ),J-') so that the following property 
is satisfied: 

V77 G Tfc^J 7 , g>(T[ zA:r ]</>*(77), T [zAx] (t)\ri)) = e t g(rj,rj). (4) 

2.3. Interpretation of (S(Eq), J 7 , g, (f) 1 ) as a renormalization group flow. 

Now, recall that the additive group (C, +) is identified to its dual (C, x) in the following 
way. For each character \ G C one can find one and only one complex number a such that: 

zeC^< X ;z> = e v^iGR^+^) e s i_ (5) 

We set G = Cx r Tr , since G is a quotient of C x TI\ one checks that G can be identified to 
a subgroup of C x TT. Let T* denote the dual lattice of T: 

T* = {z G C/ V 7 G T, (z; 7) = 5Rz3? 7 + 3z3?7 G 2vrZ }. 

Lemma 4. 

1] One has a natural group isomorphism: TT ~ Un6W pf r - > . 

2] Let tc denote the projection map n : U n£ M (£"T)* i— > u " eH ^ r ^ . T/ien one /ias G = 

{(^7r(^))Gu neN (er)*xfr}. 

Proof. 1] We fix a set F of representatives in V of the quotient group ^ which has exactly 
g = |£| 2 elements. Notice that for any (ak)ken G F N the series X] fcgN afc£ fc converges in TT 
and that each element of TT is of the form J2ken a k eF a k£, k - Recall that Y is dense in the 
compact abelian group TT and that a fundamental system of open neighborhoods of G IT 
is provided by the subsets O n = {^ fc> „ a k S, k / Vfc > n, a k G F}. Now, let x be any character 
of r then there exists a G C such that 

V 7 G r, < X ; 7 >= e v/3T(RaR7+3a37) G S 1 . 

In fact a is defined in pr. Notice that x extends to a character of TT if and only if x = 1 on 
O n for a suitable n » 1. Therefore x defines a character of TT if and only if a G (£"T)* 
for a suitable n >> 1 and the result follows. ^ ^ 

2] An element of G is defined by a couple (xi,X2) G C x TT such that (xi)|r = (X2)|r and 
Xi is defined by a G C as in (jSJ). According to part 1], (xi)]r extends to a character of IT 
if and only if a G U ng N (<TT)* and the result follows. □ 

Corollary 1. One has the following group isomorphism: 

C x ff C 



g r* 

Proof. We fix a set TZ C U neN (fT)* of representatives of u " ew r ( f r) * . Let (u,v) G C x TT, 

so we can find z G TZ such that 7r(z) = —v. According to Lemma |U 2], (z,ir(z)) G G and 
(z, ir(z)) ■ (u, v) = (u+z, 0). Then for any 7 G T* one has: (7, 71(7)) ■ (u+z, 0) = (u + ,2 + 7, 0). 
Now the result follows immediately. 

□ 
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Now recall that 

S(£o) = ^^x ?2 R+* 

and the action of 0* on S(E ) is given by v,x]) = [z, v, xe~ l \. The following Proposition 
provides an interpretation of (S (E ) , T , g , 0*) as a renormalization group flow for suitable 
quantum field theories defined over ^ 

Proposition 1. The set G = Cx r Tr defines in a natural way a set of free lagrangians on £ 
(ie on which the renormalization semi-group R XtX e-t acts trivially, see the Appendix). 

Proof. Observe that G is a discrete subgroup of C x Tr and thus acts on C x Tr by 
translation. According to Corollary ^ C x Tr appears as a G— principal bundle over the 

space ~ j£r. Let h G G ~ G, then consider the fiber product £ h = ^Cx Trj XgC 

where for any xi £ G, and ((z, v), u) G |Cx Tr J x C, the point ( (z, u), w) is identified with 

the point (xi ■ (z, v), The space Sh defines a complex line bundle over and is 

endowed with a natural flat connection. Let S± denote the spinor bundle on pr associated 
with the real 1— dimensional representation of Spin(l, 1) with spin ±|. Then we get (as in 
[page 587] |QFT| ) a natural Dirac type operator Dh acting on the sections of (S + © SL) ®£h 
and the map 

s e C°°(^; (S+ © SL) © £ & ) - / (3; D h (s))(y)dy = L h (s) 
defines a free Lagrangian L h on 

□ 

Open Question 1. In [page l?77/ |Po84] (see a/so /page 55#/| QFT| j it is proved that the 
space of perturbative renormalizable theories on K 4 is an attractor for the renormalization 
group flow acting on an infinite dimensional space of lagrangians. Is it possible to develop a 
(non pertubative) quantum field theory on the space ^ in which there should exist a natural 
infinite dimensional space X of lagrangians such that Cx r Tr should be an attractor of I for 
the renormalization group flow? 

2.4. Further remarks and motivation of Section |S1 and Lei06 . 

Denote by A^S^Eq)) (0 < j < 2) the set of sections of the real vector bundle A^T*T — ► 
S(E ) which are smooth along the leaves and continuous on S(E ). The metric g of 
(HJ) induces a metric hj(-,-) on the bundle A J T*JF (0 < j < 2), we then denote by 
L 2 (S(E ); A J T*JF) the Hilbert completion of Aj?(S(E )) with respect to the real scalar 
product: 

Vw,c/ G A^{S{E )), <u;u' >= I hj(uj,uj')(9)dfi(9). (6) 

Js{E ) 

Let dip denote the formal adjoint of the leafwise exterior derivative dj?. Then one defines 
the reduced L 2 — leafwise real cohomology groups H ] L2 t (S{Eq),"M), (0 < j < 2) by 

Hi tT (S(E ),R) = ker( (d^)* n (4)**), < j < 2 

where the unbounded operators ((%)*, (dj,)** both act on L 2 (S(E ); A j T* T). 



10 



ERIC LEICHTNAM 



The following important result comes from |De02j 
Theorem 1. 

1 ) There is a natural bijection between the set of valuations w of the function field K(Eq) of 
E and the set of primitive compact^— orbits of <f> 1 on S(Eq). It has the following property. 
If w corresponds to 7 — 7 TO , then 

Klw) = log N(w). 

2) Denote by (0*)* the operator (0*)* acting on H J L2 t (S(E ), M) for < j < 2. Then for 
any a G C£°(R; R) the following equality holds: 

3=2 r 

/ TR(0 4 )*a(*) dt = ^/( 7 .)^«(A:/(7 W )) + E / ^) E ^ a{kl{ lw )) (7) 

j=0 ^ M -y m k>l ■yn, k<-l 

where the right hand side coincides with the one of the explicit formula (jHJ) ■ 

About part 2]. Deninger has identified the left handside of (jSJ) with the (spectral) left 
handside of (J7j) and has invoked (j2J) to get (J7J). 

Now we make remarks about the structure of (SIEq),^) which will motivate the con- 
structions and definitions of the Sections 01 and [Lei06 j . 

First we introduce carefully a natural transverse measure on (SIEq),^) and point out its 
important role. 

Set Ce = p Tr , this is a compact laminated space which is foliated by its path-connected 
components. Any element q u G q % acts on [z, v] G Ce by q u ■ [z,v\ = [£, v z, ^ v v\ . The Haar 
measure ji^ of Tr induces a transverse measure, still denoted /xg, of Ce - For any Borel 
transversal T of Ce one h as /i^(g ■ T) = g _1 /i^(T). 

Moreover, the metric g = (dxi) 2 + (cb^) 2 (where z = x\ + 1x2) defines a leafwise metric 
on C Eo , let \g be the associated leafwise volume form. Then A^/i^ defines a q z — invariant 
measure of Ce - 

The leafwise metric g in (p£J) of (S , (£'o), J 7 ) is defined by g = x _1 g and its associated 
leafwise volume form is given by X g = x -1 dx\ A dx2- 

Now it is clear that j = fi^dx defines a transverse measure with associated Ruelle- Sullivan 
current C(j). We can pair sections of A^(S(E )) with C(j), for instance the measure /i 
may be recovered by the formula: 

V/ G C°(S(E )), (/A;C(£))= / /d/*. 

Recall that /i is 0*— invariant. Moreover we observe that the scalar product © may be 
recovered by the formula: 

Vw, a;' G ^(5(E )), < cj; J >= (u U W; C(^) ) 

A 

where * denotes the leafwise Hodge star operator associated to (7. 

Now we come to formula (J7J). As explained by Deninger, the dissymmetry of the co- 
efficients of a (kl (7)) for k > — 1 and k > 1 is due to property (see the remark 
following Corollary 1 of |Lei03j ). We are going to propose a dynamical explanation, a 
la Guillemin-Sternberg, of this dissymmetry. Consider a point (zo,v ,l) G S(E ), with 
v G Tr, such that <p~ l ° sq [zo, vq, 1] = [zo^o,?] = [^0;^o,l]- Recall that by definition 
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(^' 1 Zo^~ 1 v ,q- 1 q) ~ (zo,v ,q). So [f -1 ^, £ _1 ^o, 1] = [«b,«o, 1] and there exists 7 G f -1 r 
such that 

f- 1 ^ = 2 + 7 , ^-^0 = u - 7- (8) 
The operator (0*)* acting on ^4^ r (S , (£'o)) admits a Schwartz kernel defined by the formula: 

Vc^ G ^(S(£o)), (^THiy) = [ (DtfyS^y, co(y') dfi(t/). 

JS(Eq) 

Consider a point y = [z,v,x] belonging to a small neighborhood of {(^[zq^Vq, 1], — logg < 
t < 0}. Then, with the previous notations, one has: 

= (r 1 ^ - 7, T 1 ^ + 7, g-W). (9) 

In the following Lemma we show basically that the graph of the flow 0* is transverse to the 
diagonal and compute o~<f>t{y)=y 

Lemma 5. 

1) z G C —>■ £,~ 1 z — 7 — z and v G V^r — > £,~ 1 v + 7 — v are invertible and their jacobians are 
respectively given by: 

Jac^" 1 ^ -j-z) = IC 1 - 1 1 2 , Jac^w +j-v) = q. 

2) Let V be an open neighborhood of (z ,v ), set: 

U = {(z,v,e~ s )/s G] - log 9 ,0], (s,v) G V}. 

Consider e > and V small enough so that t G [— log q, 0] — > (2^, uo, e - *) zs t/ie only closed 
orbit of 0* contained in U with length in] — e — log 9, e — logg[. T/ien one /ias £/ie following 
equality as a distribution on Ux] — e — log 9, e — logg[: 

1 1 _ 

Proo/. 

1) We prove only the second equality. Recall that Tr is an open compact subset of V^T. 
Then, since v — > v — defines an automorphism of Tr whose inverse is v — > YlneN one 
has Jac (v — £v) = 1. Now recall that the proof of Lemma El shows that fi^TT) = i/i^(TT) 
so that Jac (<fu) = -. By combining the last two equalities for Jac, one gets: 

Jac(^~ 1 w + 7 — v) = 9. 

2) Using the change of variable formula for J dfi^ and the equality £ _1 t>o + 7 — ^0 = 0, one 
sees that for v close to do one has 

Jac(e _i^ + 7 _^^ . 

Then a computation using (jHJ) and shows (see also [Section IV] [Co99j), that for y = 
[z, v,x] G U and t g] — e — log 9, e — logg[ one has: 

1 1 

b~<ptiy)= y = - — 7— : r^-zo ® 1 — 77 1^ ; ^r^v-v ® ^t+iogg- 

w y Jac(£ -1 z — 7 — z) Jac(£ -1 ?; + 7 - u) 

By combining 1) with this equality one gets the result. □ 
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Recall now that d/x(y) = dx\dx 2 <S>/ig ® ^f- The formula | f Q sq ^§=r\ — l°gg an d Lemma 
El 2] show that for t close to — log q the distributional trace 

/ Tr (D0*)*50*( y ) =3/ dfi(y) 
Js{e ) 

is well defined (near — log q) and equal to: 

where 7 TO runs over the set of closed orbits of of length /(7^) = log q. Since J&c^v+j— v) = 
1 a similar argument shows that for t close to log q the distributional trace 

/ Tr (DtfySpw^ dfx(y) 
Js(e ) 

is well defined (near log q) and equal to: 

logg S K^)- 

These observations motivate the definition of a transversally p— adic complex laminated 
space that we shall introduce in Sectional Deninger pointed out to us that the condition (jlj) 
(0*)*g = e l g was probably too strong for being generalized. That is why in Proposition |21 2] 
we shall replace it by (</>*)* [A ff ] = e*[A 5 ] where [X g ] denotes the reduced leafwise cohomology 
class of the leafwise kaehler form associated to g (see Serre [Be60j and Deninger-Singhof 

Now let Y be a smooth projective absolutely irreducible curve over ¥ q admitting a rational 
point. As pointed out in |Lei03j . one would like to associate to Y a Riemannian laminated 
foliated space ( £y *f + ,J r ,g,(f) t ) for which the analogous version of Theorem ^ should hold. 
Recall now Hurwitz's formula for a non constant morphism ip : C\ — *■ C\ where C\ is a 
smooth projective curve of genus g\ over a field of characteristic zero. One has: 

2 9l - 2 = (deg ip)(2 9l ~2)+J2 M p ) ~ !) 

PeCi 

where the strictly positive integers e^(P) are all equal to one except for a finite number 
of them. If it could be possible to lift the Frobenius morphism of Y in characteristic zero, 
one should get a morphism ip of degree > 1 which is not possible. Thus, unlike the case 
of an elliptic curve, we do not consider for Y a flow of the simple form </>*([Z, x]) = [/,xe _t ] 
but a priori a (more general) renormalization group flow. We shall carry out the detailed 
constructions in Section El 

3. The zeta function of a compact Riemannian foliated transversally 

p-ADIC LAMINATED SPACE (S = £x f + * ; JF, g, (f) 1 ) 



We introduce the following definition which is a particular case of a notion due to Sullivan 
jSuT93j: 
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Definition 1. A compact complex 1— dimensional transversally p— adic laminated space £ 
is a compact topological space satisfying the following property. There exists m G N* such 
that £ admits a finite open cover [jf =1 Ai by local charts: fi : Ai — > Ui x Z™ where Ui is an 
open disc of C such that each transition map fi o f7 is of the form 

/^.nyi^fJixz; (io) 
(z,9)^(H(z),G(e)) = fiof7\ z ,e) (11) 
where fj(Ai n A,-) = tt M x Z™ and 

1) z — > -ff(-z) is holomorphic on its domain of definition f^j 

2) There exists M G GL m (Z p ) and BeZ p m such that for any G Z™ one has G(0) = M9+B. 
Then the path connected components C of £ carry a structure of 1— dimensional complex 

manifold and constitute the leaves of a foliation. For any I £ £ we denote by Ti£ the 
tangent space at I of the path connected component of £ containing I. 

We may and shall assume in the sequel that the charts (Aj,fj) are defined on open 
subsets A'j such that Aj C A'-. 

The space Cx ^ r of Section 2 is an example of such an £. 

Definition 2. Let £ be a laminated space as in Definition and j G {0, 1,2}. Denote by 
A 3 -p{£) the set of sections u of the complex vector bundle A J T*£®C — > £ which are smooth 
along the leaves and continuous globally in the following sense. In any chart (Ai, fi) as above, 
(ff 1 )*^ is a finite sum of terms a(z, 6){dx\) a A (dx2) /3 where z = x\ + y/^Tx 2 , a + (3 = j, 

W G Z™, z = x x + v /Z lx 2 -> a(z, 9) 

belongs to C°°(Ui, C) and for any r±, r 2 G N, (z, 0) d^.\d^a(z, 0) is continuous on Ui x Z™. 

Now we consider a 1— dimensional complex compact transversally p— adic laminated space 
£. In the sequel, we shall assume that £ satisfies the following four properties which are 
stated with the notations of Definition [T] and motivated by subsection 12.41 

(i) The group q z acts leafwise holomorphically on £ in the following sense, q m ■ I denoting 
the action of q m G q % on / G £. Let y G £, assume that y G Aj and q ■ y G A { (cf Definition 
EJ). Then: 

W(z,9)ef J (q~\A l )nA,), hoqofr\z,e) = (Z(z), L(9) = M q 6 + b q ) 

on its domain of definition, where Z(-) is holomorphic, b q G Z™, and 
M g G M m (Z p ) n GL m (Q p ) is such that JacM g = ±. 

(ii) There exists a smooth leafwise kaehler metric g along the leaves of £ with the following 
two properties. First, for each foliation chart fi\Ai-^UiX Z™ as in Definition [TJ (/r )*(g) 
does not depend on 9. Second, for any I G £ one has: 

Vw G T ; £, g(q*{u)) = qg{u). 

We denote by the leafwise Kaehler form associated with g: g(u, v) = Xg(u, Jv). 

Since the leaves of £ are oriented by their complex structure there is a leafwise Hodge 
star associated to g. 

(iii) There exists a smooth family {ipDtm^x) of diffeomorphisms of £ acting leafwise 
holomorphically in the following sense. Let (to,xo,y) G R x IR + * x £, assume that y G 
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and t/>*° (j/) G Aj. Then there exists a small neighborhood 7 x J x £? y c R x IR+* x x Z™) 
of (t , fj(y)) such that: 

V(t, x, z, 9) e I x Jo x /< o ^ o fj\z, 9) = E{6)) 

where the (Rx(-))(t,x)eioxJ defines a smooth family of holomorphic maps on their domain 
of definition and there exists Mi G GL m (Z p ) and b\ G Z™ such that -E(#) = Afjfl + 61 on its 
domain of definition. Moreover, for any (t, t', x) G R x R x IR + *, / G £ one assumes that: 

-0 = 9- ^.(o, C-* W(o) = ^(0, (12) 

Notice that the equation (fT2"J) implies that = Id, that each ifrl preserves any path con- 
nected component of £ and induces a diffeomorphism of it. 

Moreover, let keW and l G Aj be such that (ijj\ osq o q) k (l ) = l . Then one can write: 

V(z, 0) G U; x Z™ o o o /r 1 ^, 9) = (Z k (z), Q k 9 + b k ) 

where Z k is holomorphic on an open neighborhood t/j C Uj of fjifo), b k G Z™, and Qfe G 
M m (Z p ) satisfies: 

Jac(Q fc ) = q~ k , Jac(Id - Q k ) = 1. (13) 

(iv) Let u; G C°(£, A X T*>C) be a leafwise C°° harmonic 1— form. Then for each chart 
(Ai, fi) of Definition [H (/r 1 )*^^, 6 1 ) does not depend on 9. For an intrinsic equivalent 
statement see Theorem El 

Remark The assumption (iv) is satisfied in the case of the space x y ?r of Section 2. Louis 

Boutet de Monvel has showed us an example (of the form — p- 2 -) with hyperbolic leaves 
where it is not satisfied. Dennis Sullivan has told us that, in some sense, most of the 
examples of £ with hyperbolic leaves of Definition^do not satisfy this assumption. Bertrand 
Deroin has showed |Der04j that for a space £ with hyperbolic leaves, the space of leafwise 
holomorphic quadratic differentials is infinite dimensional. But his proof does not show 
that Assumption (iv) is not satisfied. Notice that there are examples of spaces £ which 
have hyperbolic and parabolic leaves and do not seem to be defined by an inverse limit of 
Riemann surfaces (eg the one described by E. Ghys [Section 6.4]|Ghys99| following an idea 
of R. Kenyon) . 

Lemma 6. 

1] The data of the Haar measure in each local chart (Ai, fi) of Definition^ induce a 
transverse measure fie on £■ Then Xgfic defines a measure on £. Moreover, for any Borel 
transversal T of (£, J 7 ) one has Hc(q ' T) = ~nc- 

2] 

V(t,x) elxl +t , (V4)*(/^) = i*c- 

Proof. 1]. The fact that /i£ is well defined as a transverse measure is a consequence of 
Definition n The leaves are two dimensional so Xg defines the leafwise Riemannian volume 
form associated to g on (£, J 7 ). Then by definition, Xgfic defines a measure on £. The 
equality f-ic(q ■ T) = is a consequence of Assumption (i) ( JacM 9 = i). 
2}. This is a consequence of the equality Jac(Mi) = 1 in Property (iii). □ 
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Consider the foliated laminated space (S = £x f + * , J 7 ) whose leaves are the sets Ii{C x {x}) 
where II : £ x M + * — * S denote the projection and C runs over the set of path connected 
components of C. Let [I, x ] G S, assume that I G with the notations of Definition [T] 
There exists e > such that Ai X]xo — e, xo + e[ may be identified with an open subset of S. 
Then 

fi x ld] X0 - etX0+e [ : AiX]x - e,x + e[-> x Z™x]x - e,x + e[ 
defines a foliated chart of 5 centered at [7,xo]. 

Definition 3. 

1] Denote by Ajr(S) (0 < j < 2) the set of sections u of the complex vector bundle 
A- 7 T*jF(g)C — > S which are smooth along the leaves and continuous globally in the following 
sense. In any foliation chart x ld] Xo ^ eiXQ+e [ as above, ((fi x Id] a ; _ (EiX0+(: [) _1 )*ct; is a finite 
sum of terms a(z, 9, x)(dxi) a A (dx 2 )^ where z = X\ + y/— 1x2, « + /3 = j such that: 

V0 G Z™, (* = xi + v /Z Tx 2 ,x) -> 0(2, 0,x) G C^C/iXjxo - e,x + e[,M), 
and for any r\, r 2 , r 3 G N, (z, 9, x) — > d r x 1 1 d r ^ 2 d r ^a(z, 9, x) is continuous. 
2] Denote, for j G {0, 1, 2}, by 5^(5) the reduced leafwise cohomology gfe. 

One then gets the following: 

Proposition 2. Denote by U the projection map IT : £ x R + * — > £x ^ + = S 1 where q z acts 

diagonally. Consider the foliated laminated space (S = Cx ^ + * , JF) whose leaves are the sets 
U(C x {x}) where C runs over the set of path connected components of C. 
1] One defines a flow 0* acting on S by setting for any (l,x) G C x M + * 

^(M) = ([#(0.*»"1)> 

where [I, x] denotes the class of (I, x) in S. 

2} The metrics x^'g on T^JF, define a leafwise kaehler metric g = (x~ 1 'g) x ^+* on (SjJ 7 ). 
Moreover, X g = x~ 1 X g - defines a leafwise kaehler form on (S, J 7 ) (Xg is defined in Assumption 
(ii) of this Section). For any i el, (</>*)* = e* [X g ] where [X g ] denotes the induced class 

2 

in H-p(S). 

3] X g is also the leawise Riemannian volume form associated to g on (S, J 7 ) . Moreover, \i£ dx 
defines a transverse measure denoted A on (S, J 7 ), and /i = Xgfi^dx induces a measure on 
S. 

4] Let W(L,T} (resp. W(S,J 7 )) denotes the von Neumann algebra of the foliation (C,J-) 
(resp. (SjJ 7 )) associated with the measure XgHc (resp. X g ficdx). Assume that W(C, J 7 ) is 
a factor. Then the flow 0* induces an action, denoted (0*)*, on W(S,J 7 ) by 

A -> (0*)* o Ao (0-*)* 

where A = (Ai)i e s/jr G W(S,J 7 ) is a random operator. The cross-product von Neumann 
algebra W(S, J 7 ) x (<£*)* R is a type IIIi— factor. 

Remark The algebra W(S, J 7 ) X (</,«)* M. represents morally the set of measurable functions 
on the noncommutative space of the orbits of 0* (ie the closed points). As explained in 
[Section 3] |Lei03j this matches with Connes's approach to the zeta function of a function 
field. 
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Proof. 1] This assertion follows from ()12j) . 

2] The fact that x~ l g defines a leafwise metric on Tu^iJ 7 is a consequence of Assumption 
(ii) above. Since ip® = Id and q*Xg = qXg, one checks that one can write 

(V>*)*(A ? ) = Xg + xe-* lim d T B^ x (14) 

where {B t,x ) t( z^ x> o is a smooth family of elements of A]p(£) such that B t,x = q*B t,qx . See 
the proof of Lemma |H1 for a similar argument. The fact that (0*)*[^s] = e * [^g] * s then a 
direct consequence of (JT3J). 
3] The fact that 

U = X„ Ucdx = An /!£ — 

induces a measure on (5, J 7 ) is a consequence of Lemma [01 1] and of Assumption (ii) (q*g = 
qg). It is clear that the fraction 

X g ucdx _ 

— /i£ ax 

defines a transverse measure on (5*, J 7 ). 

4] Let us first check that W(C, J 7 ) is a type Hoc.— factor. Denote by r the trace on W(C, J 7 ) 
induced by the transverse measure fic- Consider a chart (Aj, /j) as in Definition Consider 
a finite orthonormal family hj G C^°(Ui,M) (1 < j < jo). So: 

W £{0,..., j } With I, [ h 2 j X~g = l, [ h j h l X~g = 0. 

JUi Ju, 
For fceN, denote by vr(/c,j ) £ W / (£,^ r ) the projection defined by 

tio 

It is clear, as and jo vary; that the T(ir(k,jo)) do not belong to a ladder of M + and can be 
arbitrarily large. Therefore W(C, J 7 ) is a type IIoo - factor. This implies easily that W(S, J 7 ) 
is a type Hoc,— von Neumann algebra whose center is L°°(-^-). Now denote by the trace 
on W(S, J 7 ) induced by A (See [Section 3] |Lei03j for details). Then, Lemma |H1 and the 
definition of 0* allow to see that ta o (0*)* = e^r^. Using Connes's results [pages 494 and 
495] [Co94j . one then checks that W(S, T) X(0t). K is of type III. Moreover, one has: 

S(W(S,J 7 ) x m *m)nR + * = {X > 0/ (</> logA ))* = Id} = q z . 

Then [page 473] [Ho94] implies that W(S, J 7 ) R is of type IIIi. □ 



We think of £ as a set of renormalizable quantum field theories, if we write ip = R x 



\x e~t 



then we recognize the general scheme of the method of the renormalization group flow 
a la Wilson ([page 554] |QFT| ) . The condition ipq X (q ■ I) — q • i> x {l) in (fT^ means that q 
induces an action on L which commutes with the renormalization group flow up to rescaling: 
R q x,qxe-t(q ' = Q ' R x ,xe-*{1) for any I G C. 

Let j G {0,1,2}. Denote by W T C Ajr(S) (see Definition OJ) the subspace of complex 
leafwise harmonic forms and by ir^ the orthogonal projection onto T0 T C A^S), see Theorem 
H] and Proposition 0] for more on 7r^. Now, denote by C(A) the Ruelle- Sullivan current 
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associated to the transverse measure A = p^dx of (S, J 7 ). Then, one defines a scalar product 
on W T by the formula < lo; lo' >= (a>U*a/; C(A)) where * denotes the leafwise Hodge star of 
the metric g. We denote by Hi the L 2 — completion of H? T . The operator tt 3 t o (</>*)* defines a 
one parameter group acting on H 3 T (see Proposition 0] for details). We write e iBj = tt j t o (</>*)* 
where the infinitesimal generator Qj defines an unbounded operator on the Hilbert space 
H}. 

Theorem 2. Assume that the closed orbits 7 of the flow (p 1 acting on S = Cx ^ + * are non 
degenerate. Assume the four properties (i) to (iv), that W{C,!F) is a factor and that C has 
a dense leaf. Let a G C£°(R,R). 

1} For each j G {0, 1, 2} ; J R a(t)e tBj dt acting on H\ is trace-class and one has: 

TR f a(t)e t0o dt = E / «(*) e ^^, TR / a(t)e te2 dt = E / oc^e^^dt. 
Jr Jr Jr ueZ Jr 

Moreover, there exists a finite subset {p±, . . . , p2 9 } C C such that 

2g 



TR ! a{t)e^dt = EE j^^^dt 



2] One has 
3] One has 



j = l v & 



VjG {!,..., 2g}, ^p 3 = 1 -. 



3=2 

J](-1) J 'TR / a{t)e te >dt = 
Xa(^)«(0) + E Z W ( e- M(7) «(-A;/(7)) + a(*J( 7 )) ) 



where Xa(^) denotes Connes's A—Euler characteristic of (S,J-) ( \Co94\ ) and 7 runs over 
the set of primitive closed orbits of $ and /( 7 ) denotes the length of r j. 

Remark. Define the Ruelle zeta function 

CsO) = n 7 j — — 

1 -exp(-s/( 7 )) 

where 7 runs over the set of primitive compact orbits of 0* and Z( 7 ) denote its length. 
Deninger told us that Illies's result jllles99j and Theorem |2] should imply that Cs( s ) is an 
alternate product of regularized determinants. Then Theorem |2 should imply (along the 
lines of Deninger's formalism): meromorphic extension of (s{ s ) to C, functional equation 
s <-> 1 — s, Riemann hypothesis (or Weil's Theorem type) for Cs( s )- 

Open Question 2. 

1] Let Y be a smooth projective absolutely irreducible curve over ¥ q admitting a rational 
point. Does there exist a laminated foliated space (Sy = £y *f — , J 7 , g, 0*) satisfying all the 
assumptions of Proposition^ and Theorem^ and the following assumption: 

(A) One has a natural bijection w 1— ► -y w between the set of closed points ofY and the set 
of primitive closed orbits o/(Sy,0') satisfying log Nw = Z( 7w ). 

If the answer is yes, one should obtain, via Theorem^ a new proof of Weil's Theorem. 
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2} Is it possible to interpret C Y an attractor of the renormalization group (semi-) flow 
acting on a suitable infinite dimensional space of lagrangians? (compare with the end of 
[PeTiT] and [pages 30 and 559 flQFT\ ). 

Of course, when Y is an elliptic curve over ¥ q , Deninger has shown ( |De02j ) that the 
answer to part 1] of the previous open question is yes. 

4. Analytic results on C 



4.1. Sobolev spaces on Z™. 

Recall that a character x of Z™ = &f = {L v may be written as: 

where the aij belong to {0, . . . ,p — 1} C Z p and a nj j ^ if rij > 1. Notice that the aij are 
unique for I > 1. If x ^ 0, we set 

|x| = max \a n j\ p . 

l<j<m,rij>l 

If x = 0, we set |0| = 0. 
Definition 4. 

1] Let k G N and u G L 1 (Z™, dfiz™). We say that u belongs to the Sobolev space if fc (Z™) 
if the function 

E lxl^(x)(x,-^> 

belongs to L 2 (Z™, dfi^m). Here, u(x) denotes the Fourier transform with the convention 
V(0) = 1- 

2] The operator A p defined by 

Ap(«)0) = E MMxXx.-*) 

induces a bounded operator from i7 fe+2 (Z™) to H h (Z^) for any fceN. 

4.2. Sobolev spaces and harmonic forms on C 

The measure \g[ic (see LemmaEI) and the leafwise metric g allow to define a scalar product 
on C°(£, A J T*£) (0 < j < 2). The axioms of Definition □ (eg the fact that M G GL m (Z p )) 
show that the following definition makes sense. 

Definition 5. Let (k,l) G N 2 . We say that a function u : C — > C belongs to the Sobolev 
space H k ' l (jC, C) if for any chart (A,-, fj) as in Definition and any a G N 2 with \a\ < I the 
function: 

(z,e) - + lxl*)^0°# ia &x)<x. 
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belongs to L 2 (Uj x Z™, dxidx2<S>d[iz™)- Here,^ 2 denotes the Fourier tranform with respect to 
the second variable (ie 9). Similarly one defines Sobolev spaces H k ' l (£, A*T*£) of differential 
forms. 

Lemma 7. One defines a transverse p— adic Laplacian A Py T acting on A^(£) (see Definition 
U|) by setting in each chart (Aj, fj) as in Definition^ 

VueA*A£), A p , T (u\ Aj ) = (/i)*Ap((/i -1 )*«l^)- 

Proof. We prove the result for leafwise differential forms of degree one. Consider u G A]p(£) 
having compact support in Ai fl Aj (with the notations of Definition [TJ . We are going to 
show that 

(ho fry A^Yu) = Ap((/~ 1 )*M). 

This will prove that the operator A Pt T is intrinsically defined on £. From the assumptions 
of Definition Q we deduce that f%(Ai fl Aj) is of the form Qj^ x Z"\ Recall that 

fi o fj\ Zi 9) = (H(z), G(9) = M6 + B) 

with M G GL m (Z p ). 

For any tangent vector v G T^C, we then have (/j o fj 1 )* A p ((fr 1 )*u)(z, 6) = 

E w 2 / ((/r^x^ux^W) < x,z-g(o) > d^co- 

— ./zir 1 
xez- p 

In this integral we make the change of variable £ = G(6'). We then have 

< X , G(0') - G(9) >=< X , G{9' - 9) >=<* G(x), 9' - 9 > . 

Since M G GL m (Z p ) we observe that x — >* G(x) defines a bijection of Z™ satisfying 
| 4 G(x)| = |xl- One then gets immediately that 

{f,of^yA p ((f^y u ) = A p ((f^y u ). 

□ 

Theorem 3. 

1] Assumption (iv) of Section^ is equivalent to the following (intrinsic) condition. Any 
leafwise C°° harmonic 1—form u G C°(£, A : T*£) satisfies A p> tuj = 0. 
2] Assume Assumptions from (i) to (iv) of Section^ Then the vector space Ti^ of real 
harmonic 1— forms uo G C°(£, A X T*£) is of finite dimension 2g where g G N. 

Proof. 1] Left to the reader 

2] Denote by the (essentially self-adjoint) leafwise signature laplacian associated with 
the metric g as in Assumption (ii) of Sectional Notice that Ac is constant in 9 in each chart 
(Ai, fi). Since £ is compact, an ellipticity argument shows that the operator A^ + A p ^ is 
Fredholm from n k+l=2 H k > [ (£, A*T*£) to L 2 (£, A*T*£). Indeed, one constructs a parametrix 
by considering in each chart (Aj, fj) the operator: 

- J2 (l + \x\ 2 + A c )- 1 u 2 (z, X )(x,-9). 
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Now, observe that Assumption (iv) implies that 7i l c C ker(A£ + A Pj y). Then one gets that 
7i l c is finite dimensional. Moreover, the Hodge star * induces a complex structure on 7i l c so 
this dimension is an even integer 2g. □ 

Proposition 3. The scalar product defined at the beginning of this Subsection induces a 
hermitian scalar product <;> on H} c ®r C. There exists an orthonormal basis (ui, . . . , u> 2g ) 
of H} c C of eigenvectors for the action of q on H} c ©k C. More precisely, for each j G 
{1, . . . , 2g}, there exists pj G C such that 3?pj = \ and q*(ujj) = q Pj ujj. 

Proof. Lemma IHll] and Assumption (ii) of Sectional (eg q*(g) = qg ) allow to see that q* 
induces an operator acting on 7i\ ® K C of the form ^fqU where U is unitary. This proves 
the result. 

□ 

5. Proof of Theorem [2] 



5.1. Leafwise Hodge Decomposition and Heat operator. 

We begin with describing a finite system of local foliated charts of (S = £x g z + * ; J 7 ) with 
the notations of Definition d 

Set h =}q2,q[ and I 2 =]q~w,qi{. Set A j>2 = {[(q k ■ l,q k x)] keZ , (l,x) G Aj x I 2 } and 
F h2 (\(q k ■ l,q k x)] k& ) = (/,•(/), x) G U, x X I 2 . 

Set also Ai,i = {[(q k ■ l,q k x)} k& , (l,x) G A { x I x } and 
F i}l {[{q k ■ l,q k x)} k& ) = (fi(l),x) eUiXl^x I v 

Then, the (A itl ,F it i), (Aj t2 ,Fj t2 ) (1 < i,j < N) define a finite open cover of foliated 
charts of (S,^). The transition maps are given in the following way. If (z,9, x) G fj(Aj fl 

F itl o F- 2 \z,6,x) = (f i0 f-\z,d),x). 

If (z,9,x) G fj{Aj n q' 1 (Ai))x]q- to , 1[, one has 

F hl o F7 2 \z, 9, x) = (f i oqo f-\ z , 9), qx). 

We can now state the following: 

Definition 6. Let k G N and j G {0,1,2}. We say that an L 2 — leafwise differential 
form uj G L 2 (S, A J T*JF) belongs to the space H 0jk (S, A J T*JF) if in any chart of the type 

(A^ijF^i), (Aj t2 ,Fj t2 ) as above, Pu(z,9,x) G L 2 for any differential operator of degree < k 
P in the variables (JRz, Qz,x). We set: 

H 0t+oo (S, A J T*JF) = n km H 0tk (S, A J T*JF). 

Theorem 4. Let j G {0,1,2}. 

1] We have the following leafwise Hodge decomposition: 

# ,+oo(S, A J T*JF) = Hl A+00 (B 1 - W; © x W6 

where TC j t0+oo denotes the set of leafwise harmonic forms, S denotes the adjoint of the leaf- 
wise exterior derivative dp of S. The orthogonality is with respect to the L 2 — scalar product. 
Moreover, one has 

'T/l /T/1,0 £T-v 'T/0,1 

rl T,0,+oo ~~ rl T,0,+oo W rl r,0,+oo 
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where TC T ' +oo and TC T ' 0+oo denote respectively the harmonic forms of type (1, 0) and (0, 1). 
2} Denote by nl the orthogonal projection from H 0j+oo (S, A J T*JF) onto 7i 3 T0 +oc . Then n J T o 
(0*)* defines a one parameter group acting on TC 3 t0+oo . 

Proof. 

1] The foliated space (S,J-) is morally closed to a Riemannian foliation. One has just 
to adapt to our context the proof of Theorem 1.1 of [A-KOl]. We leave the details to the 
reader. 

2] Denote, for j G {0,1,2}, by Hq +oq the reduced leafwise cohomology group associated 

with H +oo (S, A J T*JF). Part 1] allows to identify W£ +oo with H J 0+oo on which (0*)* acts 
naturally. One then gets easily the result. □ 

Now we introduce a particular partition of unity of S. Consider fli G C+°°(]g^, q[, M) and 
(3 2 G C c +00 (]gw,gl[,M) such that: 

Vx G [q*,q*], Pi(x) + (3 2 (x) = 1, Vx G [g^,g], ft (a) + /? 2 (g _1 x) = 1, 

Vx G [l,g5], /3 2 (x) = 1, Vx G /?i(x) = 1. 

Next we set Vj = {[(q k ■ I, q k x)] k& , I G £, x G /,-} for j = 1, 2. If [(g fc ■ I, q k x)] keIl G Vj with 
x G 7j, we set 

i?([(g fe ^g fe x)] feeZ ) = ft([(g fc -Z,g fc x)] fceZ ) = ft(x). 

By construction one has Pi(y) + P 2 (y) = 1 on S. Now we may state the: 
Definition 7. If w G H 0jk (S, A j T*F) and tGl + *, we set: 

2 

where A p ,t is defined in Lemma [3 

Remark. Since the operator A p of Definition 0] does not commute nicely with the multipli- 
cation by p one cannot define a p— adic transversal Laplacian on (S, J 7 ). But the operator 
A Pt T allows to define such a p— adic transversal Laplacian in each open subset Vi, V 2 of S. 

Proposition 4. 

1] Let uj G 7i 3 rQ+O0 . Then for any real t > 0, 1Z t {uj) = to and, uj is continuous on S 

and constant in 9 in the above local charts (A,i, ^i,i)> (A?,2, Fj,2) ■ Thus Ti^o+oo = Ti? T (see 
notation before Theorem^ and 

-1,1,0 _ o/i,o -t/0,1 _ -1,0,1 

rL r,o,+oo ~~ n T > ri T,o,+oo ~~ rL r • 

TTie operators 7r^ o (0*)* define a one parameter group acting on the Hilbert space H 3 T of 
Theorem^ 

Proof. 
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1] Assumption (ii) of Section El states that the metric g is constant in 9 in the chart (A i: fi). 
Then, for each t > 0, one checks that 1Z t {uj) is a smooth leafwise harmonic form which is 
continuous on S. Assumption (iv) of Section El allows to see that lZt(uj) is constant in 9 in 
the charts (Ai t i, (A,,2, Fj,2)- Letting t go to + one gets that to is constant in 9 in these 
local charts and is equal to TZ t (uj) for any t > 0. 

2] One checks that (0*)* acts continuously on H 0j+oo (S, A^T*^) with respect to the L 2 — scalar 
product. The result then follows from part 1] and Theorem 0J 2]. □ 

5.2. Proof of Theorem H 1]. 

Recall that e <0J = tt^ o (0*)*. Actually the results of this Subsection allow to (re)prove, 
using explicit computations, that tt j t o (0*)* defines a one parameter group acting on W r . 

Recall that £ has a dense leaf. Then a continuous function on £ which is constant along 
the leaves is constant. Then one checks easily that (x l °^i) u£ i is an orthonormal basis of 
H° (giro C and that: 



TR / a(t)e t0o dt = ^ / a(t)e^dt. 
Jr u€Z Jr 



2.%-kv 

In the same way, one checks that (x lo si x~ Xg) u ez is an orthonormal basis of H 2 <S)r C (recall 
that Xg is defined in Assumption (ii) of Section |HJ). Then one easily checks that: 



TR I a(t)e t&2 dt = X) / «(*) e * + ^^- 

JR ueZ JR 



Next, using Proposition 01 and its notations, one checks that 

is an orthonormal basis of H\ ®r C. 

Lemma 8. Let j £ {1, . . . , 2g} and v £ Z. TTien one /tas 

{4> )*{x p] io &iujj) = e (p3 + 1 °si>x Pl ^lujj + d T B l 

where (B^tgs. is a smooth family of smooth leafwise functions on S continuous on S. 

Proof. One considers only the case v = in order to simplify the notations. Using the proof 
of the Poincare lemma and the fact that ip® = Id, one can write along the leaves of £ : 

where (A*^) is a smooth family of smooth leafwise functions on £. Now we use the (3i and 
Ii {I = 1,2) introduced in Subsection 6.1. For x £ R + * such that q~ k x £ with k £ Z, we 
set B\' x = e tpj /3i(q~ h x)(q~ k )* A t,q kx . Otherwise we set B\' x = 0. Then, using the formula 
q*uij = q Pi 0Jji one gets the result by setting B l = B{ x + B{ x ■ □ 

Using Proposition El and the previous Lemma one then checks that 

2fl 



TR [a(t)e te ^dt = I a{t)e*^ + ^dt 

JR ■-, „-.~ JR 



j=l v& 
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5.3. Proof of Theorem H 3]. 

Notice that in the previous subsection we have shown that for each j G {0,1,2}, the 
operator J R a(s)n J T o <fi* ds o tt j t is trace class. 

Jesus Alvarez-Lopez pointed out to us the following lemma: 

Lemma 9. (Alvarez-Lopez) Set 0(7, x) = <f)~ l ° sx (l, 1) and q(l,x) = (q ■ l,qx) where (l,x) G 
£ x R + *. Then one has: 

© _1 o cj) 1 o 0(7, x) = (I, xe~ l ). Moreover, for any (7, x) G C x IR + *, one has B" 1 o q o 0(7, x) = 
«^og(/),gx). 

This Lemma shows that it is enough to prove Theorem |21 3] when the flow is of the form 
0*(7, x) = (I, xe~ l ), by abuse of notation we shall still write 7Z t , ti j t instead of 9* oTZ t o (O -1 )*, 
6* otxI o (6- 1 )* ....etc. 

Proposition 5. For each j G {0,1,2}, denote by the lea/wise signature Laplacian of 
(S = £x g z + * , T) acting on leafwise differential forms of degree j. 
1] For any (t,f) G IR+* x R + * and any a G C~(R,R), the operator 

a(s)((P s ydson t oe- t ' A ^ 

JR 

is trace class. 

2] For any (t,f) G R + * x one has: 

2 2 

^(-1) J TR I a(s)(0 s ydson t oe- t,A r = ^(-l)^TR / a(s)(0 s yds o n J T . 

j=0 J R j=0 ^ R 

Proof. 1] In the case of a standard Riemannian foliation, Alvarez-Lopez and Kordyukov 
have proved (see |A-K05j |A-K00p that J R a(s)((f) s )*ds o e~'' A ^ is trace class. Their proof 
can be adapted in our situation (with a p— adic transversal). 

2] Proceeding as in the proof of Lemma 3.3 of |A-K00j one checks easily that 

2 r 

yV-l) j TR / a(s)((f) s yds o7Z t oe- t,A ^ 

does not depend on t' > 0. Moreover, proceeding as in the proof of Lemma 3.2 of [A-KOO 
one checks that for fixed t > 

2 2 

lim V(-1) J TR / a(s)((P s ydso'JZ t oe- t ' A ^ = V(-1) J TR / j^o^ofj. 
^ + °°7^ 7m ^ 7m 

Since, by Proposition HJ lZ t o n J T = n J T , one gets the result. □ 
Proposition 6. Assume that the support of a is contained in [— ^p, ^f 5 ], i/ien: 



VY-l^TR / aisy^yds 

„-n 7r 



o< = xa(^«(0). 



3=0 

(See the notations of Theorem^ 3].). 
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Proof. Observe that the length of a closed orbit of ft is at least log (7. One has just to adapt 
the arguments of the proof of Theorem 1.2 and Proposition 4.3 of |A-K00j . □ 

Proposition 7. Assume that the support of a does not meet [ — ^P, ^p], then: 

^(-1) J 'TR / «( S )(0 s )*^o< = ^(-l) J / / aWTtjWySpM^diJiMds 

where Tij denotes the bundle endomorphism trace of (Dft)* acting on leafwise exterior 
forms of degree j. The measure \x is defined in Proposition's] 

Proof. In the left hand side of the equality of Proposition E] one lets t and t' go to + and 
one gets the desired result. □ 

From the previous results we deduce that Theorem El 3] follows from the: 

Proposition 8. Assume that the support of a does not meet [— -^p, ^p], then: 
2 

J2(-iy f f a^TrjiDtrS^ydMds = £ £ Z( 7 ) ( c- H W Q (-H( 7 )) + a(*l( 7 )) ) 
3=0 ^ M 7 fc>i 

where 7 runs over £/ie set of primitive closed orbits of ft and Z( 7 ) denotes the length 0/7. 

Proof. We recall Lemma 01 and the fact that we are reduced to the case ft(l,x) = (Z,xe~*). 
Assumptions (i) and (iii) of Section El allows to see that y G 7, det Dft^(y)\T ? > 0. 
Moreover, using these Assumptions (i) and (iii) (especially (fTS])) and proceeding exactly as 
in the proof of Lemma El one gets the proposition. □ 

One has proved the assertion dtpj — | in Proposition El as a consequence of Assumption (ii) 
of Section El Nevertheless, following an argument of Serre |Se60j and of Deninger-Singhof 
[Prop 4.6] |De-ST0 2j we are going to explain how the assertion 3?pj = | follows formally from 
the equality (ft)*[X g ] = e* [X g ] of Proposition El 2]. 

We replace the hermitian scalar product on H\ introduced before Theorem El by the 
following (equivalent) one. 

Vai, a 2 G H T , < oix\(X2 >= — (ati U Ja^; C(A)) 

where the operator J is multiplication by \J — 1 [resp. — y/ — 1] on B*' [resp. H®> 1 ]. 

Lemma 10. 

1] For anyveZ\ [0}, (x^ X g ; (7(A)) = 0. Bit* (A s ; C(A)) ^ 0. 
2/ For any a%, a 2 G B* one has: 

Vt G K, < e' ei a i; e' 01 a 2 >= ((#)*(«i u J ^ C ( A ))- 

3} For any ax, a 2 G H\ one has: 

VteR, < e t01 ax; e t01 a 2 >= e* < «i; a 2 > . 

Proof. 

1] Easy computation. 
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2] Recall that we have defined two notions of leafwise reduced cohomology (see Definitional 
and the proof of Theorem HJ . We have a natural map between them: 



Observe that e t01 a = (0*)*a modulo Im dp and that the Ruelle-Sullivan current is closed. 
One then checks that 



< e* 01 ai; e tSl a 2 >= {(<?)* an U J (^c^; C(A)). 

Since (0*)* commutes with J and the complex conjugation, one gets the result. 
3] One can write 

7r T (ai U J«0 = y ^CvX^giAg G if T . 

Then, using parts 1] and 2] one checks that < e tBl ai\ e tBl a 2 >= ((0*)*(c o A fl ); C(A)) and 

< ai;a 2 >= (c A fl ;C(A)). Since (</>*)* [A s ] = e*[A s ] by Proposition El 2] one gets the 
result . □ 



Now part 3] of the previous Lemma implies that 

j t (< e t01 ai, e t01 ai >) |t=Q =< a t ; ax > . 



Therefore one has: 



< (©i - ^)(«i);«i > + < «i; ( i - ^)(«i) >= o. 



Now if a.\ G H\ \ {0} is such that ©i(«0 = p«i with p 6 C then one gets p — | = — (p — ^ 
Thus one gets 3? p = | which from the equality (</>*)* [A 9 ] = e*[A s ] as desired. 

6. Appendix: Renormalization group flow 



We first briefly and informally recall Wilson's view point following [pages 554 and 557] |QFT| . 
We consider a set S of QFT defined by lagrangians. Let < A < A\ be two scales of mo- 
menta. For each theory L G S, one finds another theory R AltAo (L) which is the effective 
theory at the scale Ai of the original theory L at the scale A . 

In terms of Feynman integrals for QFT defined on MJ 1 one can write: 

f A((j))( f e- L ^ +7l) Dri] D<p= [ A{4>)e~ RA ^ L) w D(f) 

where A is a function of the field 0, and C(A ,Ai) (resp. £>(A )) denotes the set of fields 
whose Fourier transform has support in the corona {£ G K n , Ao < |£| < Ai} (resp. the ball 
{£ G R n , |£| < A }). 

Then the renormalization (semi-)group flow is defined by: 

Vt G R+ V(L, AO G S x 4 (L,AO = (R Aue - t ^(L), A ie ~' ). 
Notice that if L is a free lagrangian then 0'(L, AO = (£, Axe - ') for any £ > 0. 

In |(JK00| and iCKOl Connes and Kreimer have developed a mathematical theory of 
renormalization of perturbative QFT. Let G be the group of characters of the dual Hopf 
algebra of the enveloping algebra associated with the 1— particle irreducible Feynman graphs. 
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The unrenormalized theory gives rise to a meromorphic loop j(z) e G, z e C. Connes and 
Kreimer have shown that the renormalized theory is the evaluation at the integer dimension 
z of space-time of the holomorphic part 7+ of the Birkhoff decomposition of 7 for the 
Riemann-Hilbert problem. Moreover they view the renormalization group as a subgroup 
of G. Then, for massless QFT they recover the action of the renormalization group on 
lagrangians. 
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